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©* Abstract -

A’ The libration of a gravitationaily :orien‘_bed rigid satellite on ; R ;
an elliptic or’t;it 45 studied by the method of canonical transformation. "' :_ .
R ‘The possibility of the center of mass of a satellite iraveling on : 1
', an elliptic orbit is examined. The transformations are performed in { ‘ ;
a mathematical way according to an operational method of per*mrbationi - ’
~ conserving Hemiltonian formuliem, The orbit eccentricity erfecf T v
X - upon the emplitude and the frequency shift of the libration are

exhibited. The ultimate natnre of se.tellite ubmtion on an euipti 2,

/

. orbit is revealed.
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Norzenclature - .

A,B,C " Principal, central mméﬁts of inertia of the satellite..

a " Semi-major axis. | R

e o Eccentricity.

H€, H* Hamiltonian.

h Integral constant.

I Moment of inertia sbout [

:} —=arils TexscT.

i. . k Unit vectors along princinal axes. '

X | ‘Gravitational parameter of the center of force.;ﬁ " f o
< 7 Langrangian. Y EER

L - Action variable. - _
1 Angle variable. !
m - " Mass of satellite.

n_ Unit vector along

P l\ Momentum conjugated to Q. . .

g ‘  ingle defined by equation (15). . .-

w 5 Initial value of q. | - |

Y Radius from the center of force to the center of mass. .
v Potential energy. =~ . R REIE -

T | Kinetic energy. " | ‘.

X, ¥, Z = Eccentricity perturbation fﬁnctiqps._ P | ’
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Introduction -

This paper is devoted to studying “the planar libration of a
gravitationally oriented rigid satellite on an elliptic orbit. The
equations describing the motion of the satellite are derived fusing
the Lagrange method. The coupling of the orbital and librational '
motion does not permit the satellite's center of mass traveling on
an elliptic orbit. By introduction of canonicael variables the
librational motion assumes a form particularly suited for the
Von Zeipel technique. The mathematical treatment and the physical
consideration in the present approach produce a solution which reveals
the ultimate nature of satellite libration. The application of the
canonical transformation. method (1) to this type of problem is apparéntly
new in the literature on satellite dynamics (2-14). Based on this |
enalysis, a proposed damping method for satellite libration will be '
discussed in a later article. | |
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A Equations of Motion -

A satellite of mass m with principal axes i, J, and k at its
center of mass is lsuiched into an elliptic orbit. The longitudinal |
axis i and the transverse axis j lie in the orbital plane and t.he

axis k 1is normal to the orbita.l plane The i.nertia tensor at the

center of mass is

A0 0
J =loB0

00¢C (1)

where A, B and C are principal, central moments of inertia of the
satellite about axes i, j and Xk respectively.
Let (v,6) be the polar coordinates of the satellite's center of

~mass and ¢ which is in the orbital plane be the angle of inclination -

of the longitudinal axis i to the line joining the center of force to '

the center of mass. S Y

ﬂl"}\e kinetic energy of the satellite is ‘

m[ )f/’z d&j J’C[é?;(ﬁfj")/ | '(2)

\




By MacCullegh's formula, the potential enexrgy is -

. R

— _ Km _ K(48+C-31 o S R
V=-F 2rog) e

r Zr

in which K 1s the gravitational parameter of the center o force.
Thus for motion about the earth K = GMe vhere G 1s the constant of
gravitation and Me is the mass of earth. I = n . Ji'lga‘ndg_ig a

. unit vector along ¥Y. Accordingly, .

4
&
v

= A C;n"eff Bﬁ;zf

1 .
To second order in ¢ the Lagrangian of the motion is - \\ :
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The three equations which govern the three degrees of freedmn

ofthesatellite motiona.re o :1: 7,'
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_39 Librations about Elliptic Orbit -

ey e -

Equation (6) describes the radial motion of the center of mass. IR
Equation {7) could have been obtained directly by writing the rate
A .of change of mt of momentum about the centexr of mass. Equation :

R

(8) expresses ihe conservation of moment of mamenttm abornt t.‘ne center '

. .l :
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The essentiality of the problem is contained in equations {6),

~-{7) and (8)." It consists in the coupling of the orbital and librational '

motion of the satellite.- If one reqnires the cen'ber of nass to move --.',“
on en elliptic orbit, i.e. -, ‘ X i
h! . s . - . - e R ) :'\.-‘ E . . - . |
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vhere h is an integral constant, a is the semi-major axis and e the

eccentricity of the orbit, equation (8) becomes - - . . °

d’t’ =

By substituting equation (11) in equation (7), the only solution to

~ these equations is ¢ = 0. This is expected physically because if

* @# O the center of mass of the satellite is moving in a non-Né‘H‘tonian‘".;‘;:’f" e
force field which is not cemtral. However, if g; is much less than AN

_ unity, it is acceptable to examine the libratiomal and Vbrbital.‘mbotigm g

j'separately. . _ oo ‘ D
‘Substituting equation (9) into equation (7) the resﬁlt,is"‘_f o
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‘ ~Accordingly, equai;ioh (12) vecames
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where p = -j' is the momentum conjugate to q.

Equation (16) can be expressed in the form -

. 2;1'_‘2;—- (527/)[”2:’4(") C”CJJ ﬁ_/i?‘ 4?5”@’ o - 1(1,-7"7')

where (2 = j(l—ea)( ) > 0. For circular orbit, i.e., e = 0, the

o libra'éions‘ will evidently be purely harmonic with constant frequency

and the amplitude of libration will be constant over time depena.ing on | -
the initial conditions. With the existence of the eccen‘bricity pertur’batiun
‘the solution of equaticn (17) is either almost per:.odic or diverging or |
o ;decaymg li’orational motion. A solution which can reveal the ultimate

nature of the librational motion governed ‘by equa.tion (17) is desired.
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4( Canonical Transformation

y -

The cananical equations correspanding to equation (17) are - .

T &

@8

x= f“‘%“/) e (W% fé‘ff?)f:'é‘-’e swo




-13 -

K is the Hamiltonian of the_unperturbed system snd X is the perturbing

function. In this expression, perturba.t'ion terms of order e gnd'higher' :

. are omitted.

The solution for circular orbit subject to the transformed initial *

LY

conditions q(o) 2 q, and p(o) = 0 can be expres;ed 1n pe:ibdic.forgns R

v

Q

. Define L -.(Ze ‘and L = -2- qo 50 that equa'bions (20) a.nd (a) a.re
transformed to. ‘ o ' DR
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! Sincé a transformation to new action and angle variables has been

- given in the fp?m ’
. / V ') . , : ' .
Hep=Hdt)=H-) =s2L

the question is, under what circumstances will the transformation be

cancnical, i.e., under what circumstances the new equations will be

This transformation of variables can be done in the following j
, N \ ;
.- manner. Multiply equations (18) and (l9)Av'by.-g§, - %% respectively and

.

~ add. The sum is SN

.
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daéf _f‘)’? ja/’ 5}/1 f—IﬁZ l.v-._(as) S

qgol A3 /°’a[.

. If equations (18) and 19) are multiplied by % ’- -g—% and similar

operations are carried out the result is

Since |

Cgaf”gzég;_:adgf*-a—é/?ffz%ﬁ‘. ._:<?7:>.’ |
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equations (26) and (27) become

A ~ s/’ | SRR, .
27 P Pt dt A . @B

.az-'c;zaz]ﬂ,_,_%/z’, a (29)
3L D — | . o

/.

The Lagrangian bracket [£,L] in equations (28) and (29). equals unity
because the Hamiltonian is unchanged. Therefore, comparing equations
(28) and (29) with equations (24) and (25), cne obtains '

(i

7
Z =X QZ 7 (51)
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' is described by

.- l7 -

Differentiating equations (22) and (23) the results are

—~ 0 ») " | -
2F — L and 21_ <k

- By substituting these results equations (30) and (31) becomze

7: Z(Qw.. /) (C—'j@

r;L - N ) N _' ‘ . H bv |
£ = |(s2-7)e caﬁ&-e_cm);/; w/)"mb4'aﬁmoﬁ~,(] - 3

\ - - Lo . s . . e . .
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v\.
-
’
General Solution - - .
o

Thus the solupion for the librational motion about an elliptic orbit

BN

(32) © -

o B e e o e o Dk L e Tk SELELI L S KL

"

Fore v g e Bemeye R g b fa e e

P

g i p R e e

“in

Y o T S g

NS

[ AGR SN



- 18 -

7’4 = ./f:C/o‘I& C&jj

where L and £ are given byl : >

% —-e Z[;{-/)(/— em&))ﬁf Cutbest (#317 7 6?&2@‘;-3:/7 (3%) B

- #
LN

;/;ﬂ “f' fo B e _(:_Q__/Z(/__ &mg)ajgaaj/,» ,C,,%:d’ ] (35)__

i . B .
The physical interpretation of these results is as follows. The
amplitude and frequency of satellite librations on an elliptic orbit can

be determined from the librations in a circular orbit by considering that

\

1




tre a=pliitude and freguency are verying due to the eccentriciiy perturdaticn.

The variation -in amplitude is inherent in equation (34). The variation

in frequency is given by equation (35). It should be noted that the last

term in equation (34) represents secular eccentricity effect if 6 is equal
to 4. Accordingly, the amplitude w:x.ll build up without bound 1n case

Q =1. For Q# 0, the results show that the amplitude to have no secular
terms. It does not increase or decrease without bound but is represented
by a constant plus trigonometric terms having frequencies which are

fractlons of the fundamental frequency of the system.

By excluding the per:.odic perturba.tlons equations (34) and (35) reduce

to’
/ !
/,LL- .
— - O foy L2 ==
(/‘Z& /_S‘:C oy AL > / /
or ::;-'2558 : fcy_SZ::‘-/ .
kx‘\ g _.'_ . '
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Taking these values in order to obtain a first approximation to the

solution one cobtains

T ~/ 2
A=[8287 T 6]‘9
o - o ,
g — 7?; C'fe‘fb‘ﬁw?‘) 7/0‘)’ L£2=/
bl

- :‘g",’—zea _74»'52-‘—:/.

Therefore the first approximation of the librations is
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_ For 0 = 1, equation (I7) is reduced to a form with constent coefficients

and the inteéral solution increases without bound. According to the
physical sense of the moments of inertia and in view of the instability
conditions this is referred to as the resonance case.

Equation (36) describes the libratione)l motion of artificial
satellites. The ultimate nature of the libration is concisely revealed.
The eccentriecity effect upon the émplitude and the eccentricity frequency‘
shift are exhibited. It can be shown that the solution represented by
equation (36) meets the limiting condition imposed. For circuler orbit,
i.e., e = 0, equation (36) reduces to a solution which abounds in the
literature of satellite dynamics. Based on this analysis, a proposed
method which damps the librations and prevents librations from becoming

arbitrarily iarge will be discussed in a later article. -
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